ABSTRACT. We study hereditary properties of convexity for planar harmonic homeomorphisms on a disk and an annulus. A noteworthy class of examples with the hereditary property arises from energy-minimal diffeomorphisms of an annulus, whose existence was established in [9, 11] . An extension of a result by Hengartner and Schober [8] to an annulus is used to deduce the boundary behavior of a harmonic mapping from an annulus into a doubly-connected region bounded by two convex Jordan curves.
INTRODUCTION
Harmonic mappings, which are complex-valued orientation-preserving univalent functions satisfying Laplace's equation ∆f = 0 on their respective domains in C, bear some curious features. For example, while harmonic mappings of hyperbolic regions generally do not decrease either the Euclidean metric or the hyperbolic metric (because a result of Heinz [6, Lemma] is optimal-see, e.g., [4, p. 77] or [12, p. 91] ), it was shown in [12, Theorem 1.1] that harmonic mappings preserving the unit disk D decrease the Lebesgue area measure of concentric disks D r = {z ∈ C : |z| ≤ r < 1}.
If the image of the unit disk under a conformal mapping is a convex region Ω, then the image of every disk in D is also convex (see, e.g., [3, proof of Theorem 2.11] or [16] ). On the other hand, the situation for harmonic mappings is markedly different. The harmonic mapping maps D onto the half plane {w : w > − 1 2 }, which is convex, but f (D r ) is not convex for √ 2 − 1 < r < 1 (see, e.g., [2, Example 5.5] or [4, pp. 46-48] ). This is related to the fact that unidirectional convexity is not a hereditary property of holomorphic univalent functions (see, e.g., [2, Theorem 5.3; 5; 7] ). Hence, convexity is not a hereditary property of harmonic mappings in general. Nevertheless, we obtain sufficient conditions for this hereditary property to be present in harmonic mappings. We also study a related hereditary property of harmonic mappings between doubly-connected regions, which is the main subject of this paper.
CONNECTION WITH THE DOUBLY-CONNECTED CASE
For 0 < r < 1, let A r denote the annulus {z ∈ C : r < |z| < 1}, let A r denote its closure, and let T r denote the circle {z ∈ C : |z| = r }. We will use T to represent the unit circle ∂D. Harmonic diffeomorphisms will refer to harmonic mappings that are diffeomorphisms.
At first glance, our following result may appear somewhat surprising. 
where m is a real constant. We can rewrite (3.3) as
which, in view of (3.2), yields We conclude this section with a family of examples for which
where a ∈ (0, 1) and
which is meromorphic on A ρ . Another elementary computation shows that the Jacobian
whose last factor on the right-hand side has its minimum on A ρ at z = −ρ.
Hence, h will be a harmonic diffeomorphism of A ρ onto A σ satisfying (2.1) for values of a and ρ such that this minimum is positive, where we have that We may suppose, without loss of generality, that 
in A ρ whose respective boundaries are Jordan curves, and
This may be achieved by extending g k to a homeomorphism ofD and making appropriate choices of g k (0) and g k (e is ) for one particular s. If
then for all s ∈ J and t k ∈ (−δ, δ), we have
and thus and d(x, y) denotes the Euclidean distance between the points x and y. The harmonicity of
on A ρ implies that the compositions u τ • g k are harmonic on D for all k, and thus
where
If A k ⊆ A, then the first integral on the second line in (5.4) is non-negative by virtue of the fact that the restriction of u τ to A k is non-negative. The second integral, on the other hand, may be estimated as follows. If ε > 0, then on each set
Hence, for each ε > 0, there is a set S k containing g
A similar argument applied to each of the other cases
Fix r sufficiently close to 1 such that (5.6)
Since f τ is non-zero on the compact set T r , there exists m r > 0 such that
if A k ⊆ A, and thus (5.9)
In particular, on T r , we obtain by (6.4)
Hence,
Let T = {t ∈ R : (∂/∂t)Ψ 1 (t) and (∂/∂t)Ψ ρ (t) both exist}, where
Since the boundary components of h(A ρ ) are convex Jordan curves by Corollary 4.2, it follows that R \ T is countable. Recall that the harmonic function ψ − θ has the integral representation (see, e.g., [17 It follows from (5.1) that Ψ 1 (ϕ) and Ψ ρ (ϕ) are non-decreasing functions of ϕ. Since ∂G/∂n is positive on ∂A ρ , it follows from (6.6) that ∂ψ/∂θ is also positive on A ρ . Hence, h(T r ) is strictly convex for ρ < r < 1, which concludes our proof of Theorem 2.2.
Remark. The proof would have been much simpler if h ∈ C 2 (A ρ ), for it follows from (6.3) that (6.1) is then equivalent to Since this holds on ∂A ρ , the maximum principle yields the same inequality on A ρ . The desired conclusion then follows from the observation that ∂ψ/∂θ cannot be identically zero on A ρ , as h(T r ) is a Jordan curve for ρ < r < 1.
